Abstract. We investigate relative connections on a sheaf of modules. A sufficient condition is given for the existence of a relative holomorphic connection on a holomorphic vector bundle over a complex analytic family. We show that the relative Chern classes of a holomorphic vector bundle admitting relative holomorphic connection vanish, if each of the fiber of the complex analytic family is compact and Kähler.
Introduction
Let (π, π ♯ ) : (X, O X ) → (S, O S ) be a morphism of ringed spaces and F be an O X -module. In [5] , Grothendieck described the notion of S-derivation or relative derivation from O X to F . Also, In [7] , Koszul did "Differential Calculus" in the frame work of commutative algebra, which can be reformulated in sheaf theoretic manner. Motivated by [5] and [7] , in section 2, we recall some preliminaries regarding relative derivations, relative connections, relative connections on associated O X -modules, covariant derivative and connection-curvature matrices in the setup of ringed spaces. In the second section, we define the relative differential operator between sheaves of O X -modules and symbol map of a first order relative differential operator. In Section 4, we recall the notion of complex analytic family, which is done in [8] in great detail. We establish the symbol exact sequence (see Proposition 4.2) Proposition 1.1 (Symbol exact sequence). Let π : X → S be a holomorphic proper submersion of complex manifolds and F , G be two locally free O X -modules of rank r and p respectively. Then the sequence
S-connection D on E. Then for every t ∈ S, we have holomorphic connection D t on the holomorphic vector bundle E t → X t . In other words, we have a family {D t |t ∈ S} of holomorphic connections on the holomorphic family {̟ : E t → X t |t ∈ S} of vector bundles.
Next, we define the relative Chern classes of a complex vector bundle over a complex analytic family and show the following (see Theorem 4.13). Theorem 1.3. Let π : X → S be a surjective holomorphic proper submersion, such that for each t ∈ S, π −1 (t) = X t is compact Kähler manifold. Let E ̟ − → X π − → S be a holomorphic vector bundle. Suppose that E admits a holomorphic S-connection. Then all the relative Chern classes C S p (E) ∈ H 2p dR (X/S)(S) of E over S, are zero. In last subsection 4.G, we shall show a sufficient condition for the existence of relative holomorphic connection. More concretely, we shall prove the following statement (see Theorem 4.14). Theorem 1.4. Let π : X → S be a surjective holomorphic proper submersion such that π −1 (t) = X t . Let ̟ : E → X be a holomorphic vector bundle. Suppose that for every t ∈ S, there is a holomorphic connection on holomorphic vector bundle ̟| Et : E t → X t , and H 1 (S, π * (Ω 1 X/S (End O X (E)))) = 0. Then, E admits a holomorphic S-connection. 
S-Connections
In this section, we will introduce the notion of S-derivation following [5] and relative connection (or S-connection). Throughout this section we will assume that (X, O X ), (S, O S ) are two ringed spaces, and (π, π ♯ ) : (X, O X ) → (S, O S ) be a morphism between them.
2.A. S-Linear morphism of sheaves
Let F , G be two O X -modules. A morphism α : F → G of sheaves of abelian groups is said to be S-linear if for every open subset V ⊂ S, for every open subset U ⊂ π −1 (V ), for every t ∈ F (U) and for every s ∈ O S (V ), we have α(ρ U,π −1 (V ) (π ♯ V (s))t) = ρ U,π −1 (V ) (π ♯ V (s))α(t), where ρ U,π −1 (V ) : O X (f −1 (V )) → O X (U) is the restriction map. We denote by Hom S (F , G) the sheaf of S-linear morphism from F to G. We denote ρ U,π −1 (V ) (π ♯ V (s)) by s| U .
2.B. S-derivation
For the following definition see [5] , (Chapitre IV, 16.5).
Let F be an O X -module. An S-derivation from O X to F is a morphism δ : O X → F of sheaves of abelian groups which satisfies the following conditions:
(1) δ is an S-linear morphism. Let End S (F ) denote the sheaf of S-linear endomorphism on F . Then End S (F ) is an O X -module. In particular, if we take F = O X , then End S (O X ) is a sheaf of Lie algebra with respect the bracket defined as follows:
be a morphism of ringed spaces. Then there exists a unique O X -module denoted by Ω 1 X/S endowed with an (universal)
satisfying following universal property: For any O X -module F , and for any S-derivation
there exists a unique O X -module homomorphism
Proof. Cf. [5] (Proposition:16.5.3 on p. 28).
2.C. S-Connection
Let F be an O X -module. An S-connection or relative connection on F is an O X -module homomorphism
for every open subset V of U, for all a ∈ O X (V ) and g ∈ F (V ). If π : X → S is a holomorphic map of complex manifolds, and F is a holomorphic vector bundle over X, we call D a holomorphic S-connection. Similarly, If π : X → S is a smooth map of smooth manifolds and F is a smooth vector bundle, we call D a smooth S-connection. (1) (D U ) ξ : F | U → F | U is an S-linear endomorphism, where S-linearity is with respect to π| U : U → S. (2) The inclusion map
is an S-connection on the O X -module O X , and is called the canonical Sconnection on O X . To avoid the cumbersome notation (D U ) ξ , we simply denote it by D ξ .
2.D. S-Connections on associated O X -modules
Let (F i ) i∈I be a family of O X -modules, and for each i ∈ I, D i be an S-connection on F i . Then various O X -modules obtained from (F i ) i∈I by functorial construction has natural S-connections.
and if we define
In particular, if we take each F i to be O X and each D i to be ǫ the canonical S-connection on O X , then every free O X -module has a canonical S-connection.
2.D.2.
Tensor product. Suppose I = {1, 2, . . . , p}, where p is an integer ≥ 1. Then for every open subset U of X, and for each ξ ∈ Der S (O X , O X )(U), there exists a unique S-linear endomorphism D ξ of F 1 O X · · · O X F p such that on presheaf level it is given by the formula
Suppose that
Let D be the connection on the O X -module T O X (F ), which is the direct sum (see Section 2.D.1) of the connections. It is called the induced connection on T O X (F ).
Remark 2.3. On tensor algebra T O X (F ), we have
for all local sections ξ of Der S (O X , O X ) and local sections s, t of T O X (F ).
2.D.3.
Submodule and quotient module. Let F be an O X -module with an S-connection D, and G be an O X -submodule of F . Let H denote the quotient O X -module F /G. Suppose that for every section ξ of Der S (O X , O X ), we have D ξ (G) ⊂ G. Then D will induce an S-connection on G and on H.
2.D.4.
Symmetric algebra and exterior Algebra. Let D be an S-connection on F , and let D itself denote the induced S-connection on the tensor algebra T O X (F ). Let I denote the two sided ideal sheaf of T O X (F ) described as follows : for every open subset U of X, let I(U) be the two sided ideal in T O X (F )(U) generated by elements of the form s ⊗ t − t ⊗ s, where s, t ∈ F (U). Then D ξ (I) ⊂ I, for all sections ξ of Der S (O X , O X ). Thus, by above Section 2.D.3, we get an Sconnection D on the symmetric algebra
Similarly, let J denote the two sided ideal sheaf of
, hence we get a connection on the exterior algebra
is the pth graded component of the symmetric algebra Sym O X (F ). Therefore we get an S-connection on Sym
for all local sections ξ of Der S (O X , O X ) and s, s ′ of Sym O X (F ), and
Remark 2.5.
(1) If F = G, and
2.D.6. S-Connection on O X -module of O X -multilinear maps. Let p ≥ 1 be an integer, and let
where
2.D.7.
Compatibility of multilinear maps and S-connections. Let p ≥ 1, and
Proposition 2.7. Let F ,G,H be O X -modules and µ : F × G → H be O X -bilinear map. Let K be any O X -module, and p ≥ 1, q ≥ 1. Then, we have O X -bilinear map
,where S(p, q) is the set of all (p, q)-shuffles, that is, the set of all permutation σ ∈ S p+q such that σ(1) < · · · < σ(p) and σ(p + 1) < · · · < σ(p + q).
and D H be S-connections on F , G, and H respectively, which are compatible with µ. Let D K be an S-connection on K. Denote the induced connection on Alt
2.E. The relative Lie derivative
The S-linear morphism
is called the relative Lie derivation in degree p associated with D.
Remark 2.9.
(1) The relative Lie derivation satisfies the followings:
2.E.1. The Lie derivative and the exterior product.
, where the Lie derivations are associated with their respective connections, and α, β are local sections of their respective O X -modules.
2.F. Covariant derivative
We call (ı ξ (α)) U the relative interior product of ξ and α over U. This will define an O X -module homomorphism
The interior product satisfies the following properties; (1) ı ξ+η = ı ξ + ı η , for all local sections ξ and η of Der
If D is an S-connection on F , and θ the associated relative Lie derivative, then for all local sections ξ, η of Der
where the Lie derivations are associated with their respective connections, and α, β are local sections of their respective O X -modules.
Proposition 2.10. Let D be an S-connection on an O X -module F . Then, there exists a unique family of S-linear morphism
Proof. cf. [7] (Chapter I, Theorem 2, p. 11).
The S-linear morphism d in the Proposition 2.10 is called the covariant derivative associated with D.
2.F.1. Explicit formula for the covariant derivative.
Proposition 2.11. Let D be an S-connection on an O X -module F . Then, the covariant derivative with respect to D is given by
for all local sections α of Alt
Corollary 2.12. From the Proposition 2.11, we have
2.F.2. Covariant derivative and exterior product.
, and µ are compatible. Then for all local sections α of Alt
Corollary 2.14. Let F be an O X -module with connection D. Then,
for all local sections a of O X and α of Alt
is the covariant derivative of a with respect to the canonical connection on O X .
2.G. The curvature form
Let D be an S-connection on an O X -module F , and let
be the covariant derivative associated with D. Then the map
is called the curvature operator of D, and is denoted by R. Let α be a local section of Alt
Thus, for every open subset U of X and for all sections ξ, η ∈ Der
Proposition 2.15. The O X -bilinear map K is an alternating map.
The alternating O X -bilinear map K is called the curvature form of D. We say the S-connection is flat if the curvature form is zero.
2.H. Connection and curvature matrices
Let F be a locally free O X -module of finite rank r.
We, thus get, for all i, j ∈ {1, . . . , r} an element
. This gives an r × r matrix ω = (ω ij ) 1≤i,j≤r , where entries are sections of Alt
It is called the connection matrix of D with respect to s. Considering s = (s 1 , . . . , s r ) as a row vector, ω is the unique r × r matrix over Alt
is the covariant derivative associated with canonical connection on O X , then
We, thus get for all i, j ∈ {1, . . . , r} an element Ω ij of Alt
. This gives an r × r matrix Ω = (Ω ij ) 1≤i,j≤r , where entries are sections of Alt
It is called the curvature matrix of D with respect to s. Considering s = (s 1 , . . . , s r ) as a row vector, Ω is the unique r × r matrix over Alt
We have Ω = dω + ω ∧ ω. If t = (t 1 , . . . , t r ) be another O X | U -basis of F | U as above, and if Ω ′ is the curvature matrix of D with respect to t, then
where, a = (a ij ) 1≤i,j≤r as before.
S-Differential Operator

3.A. First order S-differential operator
Let (π, π ♯ ) : (X, O X ) → (S, O S ) be a morphism of ringed spaces. Let F , G be two O X -modules. A first order S-differential operator is a morphism P : F → G of sheaves of abelian groups such that (1) P is an S-linear morphism.
(2) for every open subset U of X and for every f ∈ O X (U), the bracket [P | U , f ] :
is an O U -module homomorphism, for every open subset V of U, and for all s ∈ F (V ). Let Diff 1 S (F , G) denote the set of all first order S-differential operator. Then Diff
, for every open subset U of X, and for every f ∈ O X (U). Then θ is an S-derivation.
, and u ∈ F (V ), we have, by S-linearity of P ,
Thus θ is an S-linear morphism.
Next, to verify θ satisfies Leibniz rule; for every open subset U of X, f, g ∈ O X (U), and u ∈ F (U), we have
Hence, we have
be a morphism of ringed spaces. Let F , G be two O X -modules and P : F → G be a first order S-differential operator. Then there exists a unique S-derivation
for every open subset U of X, and for every f ∈ O X (U).
The S-derivation θ defined above is called the symbol of P , and we denote it by σ 1 (P ).
Every O X -module homomorphism is a first order S-differential operator. Therefore,
Thus, we have a sequence of O X -modules,
which is exact, that is, Im(ı) = Ker(σ 1 ). In general, σ 1 need not be surjective O X -module homomorphism. In the next section we will see that under some conditions on π, X, S, F , and G, σ 1 is surjective.
Analytic Theory
4.A. Complex analytic family
We recall the definition of complex analytic family, for more details see [8] .
Let (S, O S ) be a complex manifold of dimension n. For each t ∈ S, let there be given a compact connected complex manifold X t of fixed dimension l. We say that the set {X t : t ∈ S} of compact connected complex manifolds is called a complex analytic family of compact connected complex manifolds, if there is a complex manifold (X, O X ) and a surjective holomorphic map π : X → S of complex manifolds such that the followings hold;
(1) π −1 (t) = X t , for all t ∈ S, (2) π −1 (t) is a compact connected complex submanifold of X, for all t ∈ S, (3) the rank of the Jacobian matrix of π is equal to n at each point of X.
In other words, we can say that π : X → S is a surjective holomorphic proper submersion, such that π −1 (t) = X t , for every t ∈ S. Let dimX = m. Since π is a submersion, by Implicit function theorem, π −1 (t) is a closed complex submanifold of X of dimension m − n, for each t ∈ S. Therefore, m − n = l.
4.B. Holomorphic relative tangent bundle and cotangent bundle
Let π : X → S be a surjective holomorphic submersion of complex manifolds. Then for each x ∈ X, the differential dπ x : T x (X) → T π(x) (S) of π at x ∈ X is surjective C-linear map. Ker(dπ x ), is a C-linear subspace of T x (X), which we call the relative tangent space of X at x. Suppose that π(x) = t. Since π −1 (t) = X t is a complex submanifold of X, there is a tangent space T x (X t ) of X t at x ∈ X t . Given that π is a holomorphic submersion, we have Ker(dπ x ) = T x (X t ).
We have the morphism dπ S : T X → π * T S of vector bundles on X, defined fiberwise as w → (x, dπ x (w)), where w ∈ T x (X) and, π * T S = {(x, v) ∈ X × T S : π(x) = Φ S (v)} is the pullback of the tangent bundle Φ S : T S → S along π. The kernel Ker(dπ S ) of dπ S is a bundle on X, called the relative tangent bundle and we denote it by T (X/S). The fiber of T (X/S) at each point x ∈ X t is equal to T x (X t ). We will denote the sheaf of holomorphic sections of T (X/S) by T X/S . Thus we have a short exact sequence ( 
4.C. Relative Atiyah algebra
Proposition 4.2 (Symbol exact sequence). Let π : X → S be a holomorphic proper submersion of complex manifolds and F , G be two locally free O X -modules of rank r and p respectively. Then the sequence
is an exact sequence of O X -modules.
Proof. It is enough to show that σ 1 is surjective. Let x ∈ X and ψ ∈ (Der S (O X , Hom O X (F , G))) x . We have to show that there exists a first order Sdifferential operator P defined near x, such that (σ 1 ) x (P x ) = ψ, where P x ∈ (Diff 1 S (F , G)) x is the germ of P at x. Let (U, φ = (z 1 , . . . , z l , z l+1 , . . . , z l+n )) be a holomorphic chart on X around x, and let s = (s 1 , . . . , s l ) and t = (t 1 , . . . , t p ) be holomorphic frames of F and G, respectively, on U. We may assume that θ is the germ at x of a section u of
Then P is an S-linear, because for any open subset W of S, V ⊂ π −1 (W ) U, and g ∈ O S (W ),
Then by the construction of symbol map and universal property of (Ω 1 X/S , d X/S ), we have
The definition of P implies that P (s j ) = 0, for all j, hence
Therefore, [P, z α ] = u(dz α ),hence equation(3.B.1) becomes
This proves that σ 1 (P ) U = u, that is, (σ 1 ) x (P x ) = θ.
Let E be a locally free O X -module. Then, by Proposition 4.2, we have a short exact sequence of O X -modules
For any S-derivation ξ : O X → O X , we define ξ : O X → End O X (E) by sending a → ξ(a)1 E , where a is a local sections of O X . Then ξ is an S-derivation. Thus, we have an O X -module homomorphism,
sending ξ → ξ. Note that Ψ is an injective morphism.
Define
. Which is an O X -module and for every open subset U of X, At S (E)(U) consists of first order S-differential operator P ∈ Diff
, which is equivalent to say that σ 1 (P )(a) = ξ(a)1 E or [P, a] = ξ(a)1 E , for all a ∈ O X (U) and for some ξ ∈ Der S (O X , O X )(U). Hence, we get a short exact sequence
of O X -modules and O X -module homomorphisms, which is called the Atiyah sequence and At S (E) is called the relative Atiyah algebra of E.
Proposition 4.3. Let π : X → S be a holomorphic proper submersion of complex manifolds, and E is a holomorphic vector bundle over X. Then E admits an holomorphic S-connection if, and only if the Atiyah sequence in (4.5) splits.
Proof. Suppose that the Atiyah sequence splits, that is, there exists an O X -module homomorphism
and for every a ∈ O X (U). Which implies that ξ = ξ ′ , follows from the fact that the Atiyah sequence splits. We have, [∇ U (ξ), a] = ξ(a)1 E , which can be expressed as
for every s ∈ E(U). Thus ∇ U (ξ) satisfies Leibniz rule and since At S (E) is an O Xsubmodule of End S (E), so ∇ is actually an S-connection on E.
Converse follows from the fact that any S-connection satisfies Leibniz rule, and hence gives an splitting of Atiyah exact sequence.
The extension class of the Atiyah exact sequence (4.5) of a holomorphic vector bundle E over X is called the relative Atiyah class of E, and is denoted by at S (E).
The definition of extension class implies that the relative Atiyah class at S (E) is an element of H 1 (X, Hom O X (T X/S , End O X (E))), which is canonically isomorphic to
4.D. Induced family of holomorphic connections
Let π : X → S be a surjective holomorphic proper submersion, and ̟ : E → X be a holomorphic vector bundle. Then for every t ∈ S, the restriction of E to X t = π −1 (t), denoted by E t , is a holomorphic vector bundle over X t , that is, ̟| Et : E t → X t is a holomorphic vector bundle. Let U be an open subset of X and s : U → E be a holomorphic section. We denote by r t (s) the restriction of s to X t , whenever U ∩ X t = φ. Clearly, r t (s) is a holomorphic section of E t over U ∩ X t . The map r t : s → r t (s) induces, therefore, a homomorphism of C-vector spaces from E onto E t , which we denote by the same symbol r t ( the restriction map r t is discussed in [8] , p.n.343 and [9] , p.n.58). Also, for each t ∈ S, X t is a complex submanifold of X, so O X | Xt = O Xt . Thus, we have the restriction map r t :
Similarly, If P : E → F is a first order S-differential operator, then the restriction map r t : E t → F t , gives rise to a first order differential operator P t : E t → F t , for every t ∈ S, where F is a holomorphic vector bundle over X. Thus, for each t ∈ S, we have the restriction map, r t : Diff F t ) . In particular, for E = F , we have the restriction map r t : Diff 1 S (E, E) → Diff 1 C (E t , E t ), for every t ∈ S. Since, the restriction of the relative tangent bundle T (X/S) at each fiber X t of π : X → S, is the tangent bundle T (X t ) on the fiber X t , for every t ∈ S. Thus, we have the restriction map r t : T X/S → T Xt . Now, for every t ∈ S, the restriction maps gives a commutative diagram,
/ / T Xt / / 0 (4.6) Where the bottom sequence is the Atiyah sequence of the holomorphic vector bundle E t over X t and σ 1t is the restriction of the symbol map σ 1 .
Suppose that E admits a holomorphic S-connection, which is equivalent to saying that the relative Atiyah sequence in (4.5) splits holomorphically. If ∇ : T X/S → At S (E) is a holomorphic splitting of the relative Atiyah sequence in (4.5) , that is, for every open subset U ⊂ X, (σ 1U • ∇ U )(ξ) = 1 T X/S (ξ), for every local section ξ of T X/S , then for every t ∈ S, the restriction of ∇ to T Xt , gives an O Xt -module homomorphism, ∇ t : T Xt → At(E t ). Now, ∇ t is a holomorphic splitting of the Atiyah sequence of the holomorphic vector bundle E t , follows from the fact that the restriction maps r t , defined above, are surjective. Thus, we have proved the following, Proposition 4.5. Let π : X → S be a surjective holomorphic proper submersion and let E ̟ − → X π − → S be a holomorphic vector bundle. Suppose that we have holomorphic S-connection D on E. Then for every t ∈ S, we have holomorphic connection D t on the holomorphic vector bundle E t → X t . In other words, we have a family {D t |t ∈ S} of holomorphic connections on the holomorphic family {̟ : E t → X t |t ∈ S} of vector bundles.
4.E. Smooth relative tangent bundle and smooth relative r-forms Let π : X → S be a complex analytic family of complex manifolds. Then there is a underlying smooth structure, that is, π : X → S can be realized as surjective smooth proper submersion of smooth manifolds. We denote the smooth relative tangent bundle by T R (X/S), and its sheaf of smooth sections by T R X/S . Similarly, there is a smooth relative cotangent bundle denoted by A 1 R (X/S) and its sheaf of smooth sections by A 1 R (X/S). ( 
4.F. Smooth relative connection and relative Chern class
In this section, we define the relative Chern class of a differentiable family of complex vector bundles ̟ : E → X over S, that is, E is a complex vector bundle over X, and for each t ∈ S, E t is a complex vector bundle over a complex manifold X t . We follow Section 2.H and take E in place of F . Let D be a smooth S-connection on a complex vector bundle E of rank r on X. Let (U α , h α ) be a local trivialization of E over X. Let R be its S-curvature form, and Ω α = (Ω ijα ) be the curvature matrix of D over U α , as defined in Section 2.H, where Ω ijα ∈ A 2 X/S (U α ). We have
αβ Ω α g αβ , where g αβ : U α ∩U β → GL r (C) is the change of frame matrix, which is a smooth map.
Let GL r (C) be acting on gl r (C) by the adjoint action, that is, X ∈ gl r (C) → gXg −1 ∈ gl r (C), for all g ∈ GL r (C). Let f be a GL r (C)-invariant homogeneous polynomial on gl r (C) of degree p. Then, we can associate a p-multilinear symmetric map f on gl r (C) such that f (X) = f (X, · · · , X), for all X ∈ gl r (C). Then, define
Since f is GL r (C)-invariant, γ α is independent of frame, and hence it defines a global smooth relative differential form of degree 2p, which we denote by the symbol γ ∈ A 2p X/S (X). Theorem 4.9. Let π : X → S be a surjective holomorphic proper submersion of complex manifolds and ̟ : E → X be a differentiable family of complex vector bundle. Let D be a smooth S-connection on E. Suppose that f is a GL r (C)-invariant polynomial function on gl r (C). Then
is independent of the smooth S-connection D on E.
Proof. Cf. [6] (Chapter II, Section 2, p. 36).
Define homogeneous polynomials f p on gl r (C) of degree p = 1, 2, · · · , r to be the coefficient of λ p in the following expression,
where f 0 (
A) is the coefficient of λ 0 . The polynomials f 1 , . . . , f r are GL r (C)-invariant, and these polynomials generate the algebra of GL r (C)-invariant polynomials on gl r (C).
We define the p-th cohomology class as follows:
Since, we have relative de Rham cohomology sheaf
, for open subset V ⊂ S. Therefore, we have natural homomorphism where, C S (E) is the total relative Chern class of E over S, and C T (f * E) is the total relative Chern class of f * E over T .
Proof. Let D be smooth S-connection in E. It is enough to define a smooth Tconnection D * in f * E, so that f * Ω = Ω * , where Ω * is the curvature matrix of D * . Let e = (e 1 , . . . , e r ) be a frame of E over an open subset U of X. Then, e * = (e * 1 , . . . , e * r ), where e * i = f • e * i : f −1 (U) → E, is a frame of f * E over f −1 (U). If a : U → GL r (C) is a change of frame over U, then f * a = a * = a • f : f −1 (U) → GL r (C) is a change of frame in f * E over f −1 (U). Now, we define S-connection matrix
where, ω ij ∈ A of π * O X -modules, and π * O X -module homomorphism.
Given that H 1 (S, π * (Ω 1 X/S (End O X (E)))) = 0, the short exact sequence in (4.14) of sheaves, gives the short exact sequence
The above sequence is nothing but the following short exact sequence
of O X (X)-modules, which implies that the relative Atiyah class at S (E) is zero. Thus, by Corollary 4.4, E admits a holomorphic S-connection. Thus, it is enough to show that the sequence in (4.14) is exact at each term. We show this stalk-wise. Now, from Theorem 4.12, the stalks of the sheaves involved in the sequence in (4.14) are, π * (O X ) t = H 0 (X t , O Xt ) = C, because X t is a compact complex manifold, π * (Ω 1 X/S (End O X (E))) t = H 0 (X t , Ω 1 Xt (End O X t (E t )), and π * (Ω 1 X/S (At S (E))) t = H 0 (X t , Ω 1 Xt (At(E t ))), for every t ∈ S. Further, for every t ∈ S, we have Atiyah exact sequence, Since E t admits a holomorphic connection, and X t is a compact complex manifold, the image of connecting homomorphism in the long exact sequence coming from the short exact sequence in (4.15) is zero. Therefore, we have following short exact sequence of C-vector spaces
16) which is nothing but the stalk of the sequence in (4.14) at t ∈ S. This completes the proof. Now, if we take π : X → S to be a surjective holomorphic proper submersion such that π −1 (t) = X t is a compact Riemann surface, for every t ∈ S. Then, by the Atiyah-Weil [10] criterion given in [1] and [2] (Theorem 6.12), we have the following Corollary 4.15. Let π : X → S be a surjective holomorphic proper submersion such that π −1 (t) = X t is a compact Riemann surface, for every t ∈ S. Let ̟ : E → X be a holomorphic vector bundle. Suppose that for every t ∈ S, the degree of the indecomposable components of E t are zero and H 1 (S, π * (Ω 1 X/S (End O X (E)))) = 0. Then, E admits a holomorphic S-connection.
